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ABSTRACT. An outer bound on the capacity region of broadcast channels is
presented called the degraded, same marginals (DSM) bound. This bound in-
cludes and improves on Sato’s sum-rate bound. The DSM bound is applied to
Gaussian vector broadcast channels, and it is found that the Gel’fand /Pinsker /Costa
dirty-paper coding technique achieves all points inside the bound if only Gauss-

ian code books are permitted. This result suggests that dirty paper coding
gives the capacity region of Gaussian vector broadcast channels, but the opti-
mality of Gaussian code books remains to be verified.

1. Introduction

A broadcast channel [1] with K receivers is defined by an input alphabet X, K
output alphabets Vi for 1 < k < K, and a conditional probability distribution

(11) P(ylay% ayK|$)

where z € X and yi € Vi for 1 < k < K. The channel is said to be physically
degraded if (1.1) factors as

(1.2) P(y=1)|%) P(Yr(2)[Yr(1)) -+ PYn(x)[Yr(x 1))

for some permutation 7(-) on the integers 1,2,..., K. For simplicity, we assume
the random variables Y} to be labeled so that we can ignore the permutation, i.e.,
(k) = k. Thus, the channel is physically degraded if

X—-YI—-Y—...>Y

forms a Markov chain.

The capacity region of the physically degraded broadcast channel is known
and was determined by Bergmans [2] (coding theorem) and Gallager [3] (converse).
These two papers were concerned mainly with giving an information-theoretic ez-
pression for the capacity region, and did not attempt to find a channel input dis-
tribution that optimizes this expression. For the Gaussian scalar channel this op-
timization was done by Bergmans [4] who showed that Gaussian code books are
optimal. After this early work there have been many papers addressing general
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At the time of the workshop we thought we had a proof that Gaussian input distributions
are optimal, and we presented the main arguments of this purported “proof”. Unfortunately, in
the time after the workshop and before this document was due, we found a step that we could
not verify. Thus, despite the progress reported here showing that dirty-paper coding is optimal
for Gaussian code books, the problem of determining the capacity region remains open.
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broadcast channels. A review of the known results until 1977 is given in [5, Sec.
V]. A recent review can be found in [6].

We are interested primarily in the recent work of Caire and Shamai [7] on
Gaussian vector broadcast channels. Our interest stems in part from the practi-
cal importance of such channels for wireless communication, and in part because
they are not degraded. The paper [7] exploits a coding technique of Gel’fand and
Pinsker [8] that was applied to Gaussian scalar channels by Costa [9] and to Gauss-
ian vector channels by Yu [10]. Costa called this coding scheme writing on dirty
paper and we will call it dirty paper coding. It turns out that dirty paper coding,
as applied to broadcast channels, is a special case of Marton’s celebrated coding
theorem [11] (see [8,12]).

It was found in [7] that dirty paper coding achieves the sum-rate capacity of a
Gaussian broadcast channel. The paper [7] considers only the two-receiver problem
where the transmitter has two antennas and the receivers each have one antenna.
This work was subsequently generalized to any number of receivers with any number
of antennas; [12] addresses the problem with receivers having one antenna and
[13,14] address the general problem.

We are here concerned with the problem of determining the entire capacity
region of Gaussian vector broadcast channels. Our approach will be to apply a genie-
aided bound we call the degraded, same-marginals (DSM) bound that converts a
non-degraded channel into a (generally better) degraded channel.! We find that this
bound gives the best possible region if the code books are restricted to be Gaussian.
It now seems natural to suspect that the capacity region must be the achievable
region we have given here. However, until now we have been unable to prove that
Gaussian code books are optimal.

This paper is organized as follows. Section 2 reviews the information-theoretic
expression for the capacity region of a degraded broadcast channel. Section 3
reviews known outer bounds on the capacity region and introduces the DSM bound.
Section 4 describes the Gaussian models we consider and gives achievable regions
when one uses Gaussian code books. Section 5 shows that the dirty paper coding
region is the same as the DSM outer bound when using Gaussian distributions.

2. A Capacity Expression

Suppose the transmitter wants to communicate a message W}, to receiver k for
k=1,2,...,K, and that these K messages are statistically independent. If Wy, has
By, bits and the channel is used N times, then the rate for receiver k is Ry = Bx/N
bits per channel use. The capacity region C of the broadcast channel is the closure
of the set of K-tuples (R1, Rs,... ,Rk) at which the communication can be made
reliable, i.e., receiver k’s estimate /Wk can be made to satisfy Pr(/Wk # W) < e for
any € > 0 and all k.

Broadcast channels turn out to have the following exceedingly useful property.

LEMMA 2.1 (Cover [1]). Broadcast channels that have the same marginal dis-
tributions P(yk|z) for k = 1,2,... , K have the same capacity region C.

The import of this lemma is that we can consider any joint distribution P(y1,y2, - . -

for which the marginals are the right ones. We can now design encoding schemes for

1The DSM bound was derived independently by Viswanath and Tse [16], who also presented
this bound at the workshop.
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this new channel and they will perform the same (in terms of rate) as for our original
channel. Furthermore, any outer bound on the capacity region of the new channel
will be an outer bound on the capacity region of the original channel. We will
here consider the class of degraded (or stochastically degraded) broadcast channels
which have the same marginal distribution as the physically degraded broadcast
channel [1, p. 4].

The capacity region of the physically degraded broadcast channel is known to
be the convex hull of the closure of the (R, Ry, ..., Rx) satisfying

(2.1) 0 < Ri < I(Ug; Ye|Uk+1Uk 2 - - - Uk)
for k=1,2,...,K, where P(u1,... ,uk,,¥1,--- ,Yk) factors as
K
(2.2) P(uy, ... ,uk, ) P(y1]z) [ ] P(yelyr-1)-
k=2
The above region was described by Bergmans [2, Sec. ITL.B] and is identical to his
expression if we set X = [Ug Ug41 ... Uk]. Observe that we have
(2.3) I(U 1|0z .. . Uk) = I(X1; V1] X2) < I(X; Y| X2)

where the inequality follows by (2.2). This means that we can remove the random
variable U in (2.1) and (2.2) if we so desire. For example, for K = 2 the capacity
region is the convex hull of the closure of the set of (R, R2) satisfying

where P(uz,z,y1,y2) = P(ug, z) P(y1|z) P(y2|y1). However, we will sometimes find
it useful to keep U; because it represents the first receiver’s message.

3. Capacity Outer Bounds

3.1. Basic Bounds. The first capacity outer bound for broadcast channels
was given in the paper that introduced such channels.

LeEMMA 3.1 (Cover [1, Sec. VIII], Bergmans [2, Sec. IV]).
The capacity region of a broadcast channel P(y1,... ,yx|x) satisfies, for all k,

(3.1) R < max I(X;Yk).
Px

A simple extension of this bound for degraded channels appeared soon after [1],
and we include it here for completeness.

LEMMA 3.2 (Wyner [2, Ack.]). The capacity region of a degraded broadcast chan-
nel satisfies, for all k,
K
(3.2) Z%Ri < max [(X;Y).

Of course, this bound was soon superseded by Gallager’s capacity characteri-
zation in [3]. An outer bound for general broadcast channels was given by Marton
in [11].
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LEMMA 3.3 (Koérner-Marton [11]). The capacity region of a two receiver broad-
cast channel P(y1,ys|z) satisfies

R, <I(X;Y1)
Ry, < I(U;Ys)
(3.3) Ri + Ro < I(X; Yi|U) + I(U; Ya)

for some P(u,z) where P(u,z,y1,y2) = P(u,z)P(y1,y2|z). One can further add
the bound obtained by swapping Y1 and Ys.

REMARK 3.4. Lemma 3.3 is currently the best known outer bound on the ca-
pacity of general broadcast channels. The bounds we give in the next section are
in fact included in Lemma 3.3. However, there are reasons for using these other
bounds, as explained below.

3.2. Bounds That Exploit Lemma 2.1. We now consider outer bounds
that exploit Lemma 2.1 in the sense that classes of channels are considered. The
first bound of this type was due to Sato [17], and the bound’s two main steps are

1. let the receivers co-operate to get a point-to-point channel, and

2. minimize the capacity of this point-to-point channel over all joint channel

distributions with the same marginals.
A descriptive name for Sato’s bound might be the co-operative, same marginals
(CSM) bound because of the two main ingredients involved in this bound. A formal
statement of Sato’s bound is the following.

LEMMA 3.5 (Sato [17]). The capacity region C of a broadcast channel
P(y1,... ,yx|z) satisfies

K
3.4 Ry < min max I(X;Y1Ys...Yx
(34) ,;1 Py 7 1x€P Px ( )
where P is the set of channels P(Y1...Yk|x) that have the same marginals as
P(yi,... ,yxl|z), i.e., P;klx(ykv) = Py, x (y|z) for all k, x and y.

Note that Sato’s bound can be used for any broadcast channel, but is weaker
than Lemma 3.3.2 Sato applied this bound to the Gaussian scalar channel in [17]
where he found that it is tight for the sum-rate. However, this result was hardly
surprising since it was known that maximizing the sum rate for degraded channels
is the same as sending to the better user only. Much more surprising was the
discovery of Caire and Shamai [7] that this bound is tight for certain Gaussian
vector broadcast channels that are not degraded. This discovery led to a number of
papers that showed Sato’s bound to be tight in the general Gaussian setting, i.e.,
any number of receivers and any number of transmit and receive antennas [12-14].
A key to proving these results was the multiple-access/broadcast channel duality
of [15].

We here wish to make some progress on finding the entire capacity region C. To
this end, we combine Sato’s “same marginals” insight with a “degraded” technique
first used by Ozarow and Leung-Yan-Cheong in the context of broadcast channels
with feedback [18]. The resulting bound is as follows.

2We have used “min” and “max” in Lemma 3.5, which suffices for the channels and distribu-
tions we consider. A bound for general channels and distributions would instead require an “inf”
and a “sup”, respectively.
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1. Create a degraded broadcast channel by giving receiver k the channel out-
puts of receivers k + 1,k +2,... , K.
2. Minimize the capacity of this degraded channel over all joint channel distri-
butions with the same marginals.
For obvious reasons, we call this bound the degraded, same marginals (DSM) outer
bound. Of course, the first step could have been done in any order, so that one can
further take the intersection of regions obtained with different degraded orderings.
A formal statement of the DSM bound is the following lemma. For this lemma, we
consider a broadcast channel P(y1,...,yx|z) and let Rp(mw, P(y1,---,Yk|z)) be
the capacity region of the degraded broadcast channel created by giving receiver
n(k) the outputs Y (x), Yr(kt1),--- » Ya(k). This capacity region is given by (2.1)
and (2.2).

LEMMA 3.6 (DSM Bound). The capacity region C of a broadcast channel
P(yi,... ,yx|z) satisfies

(3.5) cc N Ro(m Py 3x)

Py, . % 1x€P

where P is the set of channels P(yy ...Yk|x) that have the same marginals as
P(yla s ,yK|$); i.e., Pf/k|X(y|z) = PYk|X(y|$) for all k,  and y.
REMARK 3.7. The DSM bound applies to general broadcast channels.

REMARK 3.8. The DSM bound is stronger than Sato’s bound because the sum
rate cannot be more than the capacity of the best channel.

REMARK 3.9. Lemma 3.3 includes the DSM bound, as can be seen by weak-
ening (3.3) by replacing Y7 with (Y1,Y2). However, just as Sato’s bound seems
easier to use than Lemma 3.3, so it seems that Lemma 3.6 is easier to use than
Lemma 3.3. It is unclear whether one can obtain the results we present in Section 5
without going through Lemma 3.6.

4. Gaussian Scalar and Vector Channels

This section introduces the Gaussian channel models we wish to consider. The
DSM bound is later applied to such channels.

4.1. Gaussian Scalar Channels. The Gaussian scalar broadcast channel
has

(4.1) Y = X + 2

for 1 < k < K, where X is a complex random variable and Zj is zero-mean,
complex, Gaussian noise that is circularly symmetric in the sense that its real and
imaginary parts are independent and have the same variance N /2. There is further
a power constraint E[|X|?] < P on the input.

Consider the region defined by (2.1) and (2.2). We choose the U to be in-
dependent, zero-mean, complex, circularly symmetric, Gaussian random variables
with variance E[|Uy|?] = Qx and set X = Y, Ux. We thus have Y, Q < P
and obtain as our achievable region the set of rate-tuples satisfying

k k—1
(4.2) OSRkagQﬁ+§:@)—ngﬁ+§:@>
=1

i=1
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FI1GURE 1. System models for the vector Gaussian broadcast chan-
nel (left) and its dual vector Gaussian multiple access channels
(right).

where the units are nats per channel use (1 nat is log,(e) bits). Bergmans [4]
showed that (4.2) gives the capacity region by varying over all (Q1,... ,Qx) with
Zszl Qi < P. This implies that Gaussian input distributions are optimal.

2. Gaussian Vector Channels. The Gaussian vector broadcast channel
has vectors as inputs and outputs. The output of receiver k is

(4.3) Y, = Hy X + Z,

where X is a complex column vector of length ¢t and Y, is a complex column vector
of length 7. The channel matrix Hy is a r; X t complex matrix and Z; is a
vector of 1, zero-mean, complex, circularly symmetric, Gaussian random variables.
Let Qx = E[X; X L] be the covariance matrix of X, where { denotes complex
conjugation and transposition. The transmitter power constraint is

(4.4) Tr(@x) <P

where Tr(-) is the trace operator. The Gaussian vector broadcast channel is not
degraded in general, as can be seen for K =2,t =2, r; =ro =1, H; =[1 0] and
Hy, =0 1].

The dirty paper coding region where the messages are encoded in the order
K,K —1,...,1 is the convex hull of

CRE(P) =
(Ry,...,Rg):0< Ry <
(4.5) U og o+ 1 (21, ) ]

Q15 ,Qk _10g|Nk + Hy, (Ef 11 Qt) HT ,all k

where |A| is the determinant of A, Qj is now the covariance matrix of User k and
> r @k = Q@x. Of course, one can perform the encoding in any of the K! orderings.



CAPACITY BOUNDS FOR GAUSSIAN VECTOR BROADCAST CHANNELS 7

[

FIGURE 2. Model for the DSM bound.

4.3. The DSM Bound for Gaussian Vector Channels. We set Hpy =
[HY...H} ]t and Zp,, = [Z] ... ZL]1 for all k. The channel outputs after step 1 of
the DSM bound are thus

(4.6) Yy . =Hpe X + Zp,

so that receiver k sees vectors of length Zfi  Ti- The second step of the DSM bound
permits Z g to have any covariance matrix as long as the covariance matrices of
the sub-vectors Z, are the same as before.

Consider next the capacity region for the DSM bound given by (2.1) and (2.2).
Suppose we choose the Uy, which we will now write as U}, to be independent, zero-
mean, complex, Gaussian random vectors with covariance matrices E[U,U };] = T%.
We set X = Zszl U, so that Z,le Tr(T%) < P. Thus, the DSM bound restricted
to Gaussian inputs and the degraded ordering given in (4.6) is

CDSM( ):
(Rl"“ 7RK):
(4.7) m U 0 < Ry <log‘NDk+HDk(Ef 1T~)HT,€|
Nox T log‘ Np + Hpp (S35 T3) B, all k

where Npi = E[ZDkZDk]. The notation Ny, is used as a shorthand for the
intersection over all Npg that keep the covariance matrices of Z; the same as the
original problem. Similarly, the notation Ur, is used as a shorthand for Up, . 7.
The next section shows that (4.7) is the same as (4.5).

5. Optimization of the DSM Bound
The region (4.7) can be rewritten as
(Ri,...,Rk): 0 < Ry <log|I+

-1
(5.1) ﬂ U (I+NDk/ Hpi (Zk T, )H}JkND;ﬂ)
Nox T | NDV2Hp ToHY N_1/2|, all k
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If Gaussian inputs optimal Final Result
Coe(P) S CRM(P) Coe(P)=Co"(P)
Cre (P)=Cipe (P) Coasc (P)=Cl (P)
Duality \ / Duality
Cﬁiél&g (P) 2 Chpuc(P)

Worst Case Noise
FIGURE 3. Pictorial representation of the steps of the proof.

Note that (5.1) is the dirty paper coding region of a broadcast channel with channel

matrices N ;/ *Hpy and power constraint P. We use the duality result of [14] and
replace (5.1) with the capacity region of the dual vector multiple access (MAC)

with channel H},, Npi/?. The result is
Ciac (P) =
(Rh RK) 0<Zit 2kR <12
(65.2) MUY tog |1+ S5 o 2O 201 )|

Npk Ck all &

where Cj is positive semidefinite for all £ and ), Tr(Cx) < P. Note that the
numbering of users {1,...,K} is arbitrary, and we can obtain a tighter upper
bound by taking an intersection over all K! outer bounds of the form (5.2). In
subsection 5.1, we show that this intersection is inside the capacity region of the K
user vector multiple access (MAC) with channel H, ,‘; and joint power constraint P.
This region is given by:

Cumac(P) =

(Rl,...,RK):
(53) U , S
OSZieERzSIOgI+ZieE iy |,

Sk

where F is any subset of {1,...,K}, Sy is positive semidefinite for all k£ and
> Tr(Sk) < P. Employing duality [14] once again, we find that (5.3) is equivalent
to the dirty paper coding region of the K user BC with channels Hy and power con-
straint P. Thus, after taking the intersection over all possible orderings, the DSM
upper bound is the dirty paper coding region. The steps of our proof are depicted
in Fig. 3, where Cpc(P) is the “capacity” region of the vector Gaussian broadcast
channel with Gaussian input distributions.

REMARK 5.1. One can show that there are interesting special cases where
Gaussian input distributions are optimal, e.g., if the covariance matrices of the
U, are restricted to have unit rank.
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5.1. Optimization Problems. Consider the K user MAC with channels H ,1
whose capacity region is (5.3). We later extend the analysis to the DSM upper
bound, and finally show that (5.3) includes (5.2). Note that any point on the
boundary of (5.3) is the solution of an optimization problem parameterized by a
real nonnegative vector (o = 0,1 = 1,... ,px) [19]. Since the ordering of users
1,..., K is arbitrary, it is sufficient to consider the case when py =0, u; =1, us <
p3 < ... < pg. The optimization problem is

K
4 — pk—1)log |I H}S;H,
O e, g, 30— o) log [+ ) ISt

subject to

ZPk:P
k

Tr(Sk) < P VEk
Py, S, >0V k.

This optimization problem is convex. We can therefore formulate a Lagrangian
dual problem for which the dual and primal optimum values are the same [21].

Consider first .S; and note that only the first term of the outer sum in (5.4) is
a function of S;. We thus begin with the dual problem of

K

+
(5.5) maxlog |1 + > H Sk Hy
k=1
subject to
Te(S:) < P
51> 0.

Using results from the Appendix, the dual problem to (5.5) is

K
(5.6) min —log|I'y| — ¢ + Tr <r1(1+ > H,ZSka)> + AP
1,71 k=2

subject to

MI > H T Hi
r; > 0.

Substituting (5.6) into (5.4), the boundary point maximization problem becomes

K
in —log || —¢+Tr | Ty (I HIS.H A\ P
P1?§§3K52T?'§KT{I11,1)\111 Og| 1| + ( 1( +Z kk k)> tA

k=2
K K
(5.7) + > (i — pe—1) log |I+ > HIS; H,
k=2 i=k
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subject to
Sr-r
k
TI‘(Sk) < Pk for k :2,... ,K
MI > HT Hf
Py, Sk, I'1 >0V k.

Using Ky Fan’s min-max switching theorem [20], the objective function in (5.7) can
be rewritten as

K
i —log|Ty|—t+Tr | T (I HIS. H A P
i i, s, T (s k>>+ o

I—i—ZH S, H;

K
(5.8) Z M — Hk—1 log
k=2 i=k

Now observe that in (5.8) there are two terms that depend on Ss. Isolating these
terms, we formulate a primal problem as

I+ Z H} SiHy| +
k=2

(5.9) max log

K
1
—Tr <r1(1 T ZH,ISka)>

k=2
subject to

Tr(S2) < Ps.
Again using results from the Appendix, the dual problem to (5.9) is
(5.10) min — log

2,72

K
Iy — L‘ —t4Tr (Fz(] + ZH,ISka)) + A2 Py
e —1 P
subject to
Aol > HoT'oHY
Ty > 0.

Continuing in this fashion, at the j*" step we find that the optimization problem
in terms of S, is

K
(5:11)  maxlog I+ZHTSkH + B B2y (1 (1 4+ Y Y SeHR)
pay Hj — Hj—1 Py

subject to
Tr(S;) < P;.
The corresponding dual problem to (5.11) is
K
min —log |T'; — R ZRi2p, |t e [T+ . HISeHY) | + NP
3rAj Hj — Kj-1 kg1

subject to

NI > HiT;H]

r; >0.
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After the final (K*") step, the overall dual problem is
K

min min _max —log|T';|— E (1 — pj—1)log
T1,0..,Tk Atyeei AR Pryen, Pre 7 7

r; - Bt =Rty

Hj — Hj-1

=2

(5.12) — prct + (pr — prc)Te(Cr) + (5 — 1) M P

subject to
S ph=r
k

M > HyTHJ YV k
Py, T >0V k.

Note that the dual problem (5.12) is linear in {P,..., Pk} and in {A,... ,Ax}.
The same analysis as for the K user MAC can be repeated to obtain the dual

problem for (5.2) by replacing Hj, with NB;/ *Hpy. This dual problem is
K

min min _min _max —log|[|— Z('U’j — pj—1)log

j—1 — Hj—2
T, — Ki—t — Fj-2p
Np1,...,Npk A1,... ,Ax T'1,... ,T'x P1,... ,PK

i—1
ni—pi—1

=2
— et + (pic — pc ) Te(Ti) + (ke — 1)\ P
k

subject to

S r=p

k

MeNpy > HpeDxHL, Y K

I'y>0VEk.
The above problem is linear in {Np1,..., Npk}, so we can use Ky-Fan’s min-max
theorem [20] to obtain

- Bi—1 =
min _min _max min  —log|T'{| — i — i 1)log |, — HI=L —Fi=2p.

Ay s Ak 'y ,J' P1,...,Pk Np1,... ,NDK g| 1| ];(#J lll] 1) & J /L] —'u,]_l i1
(5.13) — prt+ (ux — pr-1)Tr(Tk) + Y (k — pr—1) AP

k
subject to

ZPk:P
k

MeNpy > HpiThHL, YV k
Ir,>0Vk.

To obtain the final result, we show that (5.13) is at most (5.12). We show this
by constructing a set of K MACs having K + 1 users each. The first MAC has
channel H; for user 1, channels N B;/ ’H ; for user j, j € {2,...,K}, and channel
N 521/ 2H2 for user K + 1. Let consider a point on the boundary of the capacity

region of this channel, where users 1 and K + 1 have priorities u1 = px+1 =1, and
user j has priority uj;, j € {2,...,K}. Extending the argument presented earlier,
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one can show that the dual problem to the boundary maximization problem for the
point (Lo, 1, 42,y - - -, xcs bi+1) = (0,1, pio, ... , px, 1) on the MAC with channels
Hy,Npy/?Ha,... ,Hg, Nps/?H, is given by

K
. . . MHi—1 — Hj—2
min min ma. min —log |I';| — c—piq)logl'; — ———""T",_
Aty Ak Ty T P1,---,)1(°K Npa2,...,Npk og|T1| j;('u] Hi )log ! Hj — Hj-1 -t
(5.14) —prt+ (pxg — pr - 1)Tr(Tk) + E (ke — p—1) Ak P

k
subject to

ZPk:P

k
AMeNpi > Hpp[pHL, for k=2,... K
MI> HiT H}
A1 Np2 > HD2F1H1T32
Iy >0VEk.
Note that the objective functions of (5.13) and (5.14) are the same. The only
difference between them lies in the constraints.

We now show that (5.13) is at most (5.14). Given that I'; and )\, satisfy the
constraints of (5.14), we choose Np; for (5.13) to be

I HiT1H},
= A1
(515) ND1 HD2F1HI
%  No:

which satisfies the constraints on Np; in (5.13). Also note that, for the point under
consideration in the K +1 user MAC, it is best to allocate zero power to user K +1.

For the (j—1)'" step, we consider a K +1 user MAC where users 1,. .. ,j—1 have
channels Hy,... ,H;_1, users j,... ,K have channels NE;/QHDJ-, e ,NB}{/QHDK
and user K + 1 has channel N le H pj- Suppose the priorities are py, for user k,
ke {l,...,K} and p;j_; for User K + 1. It can again be shown that the dual
problem corresponding to this point in the capacity region is

K

. . . Hi—1 — Hj—2
min min max min —log |T'y| — — i) logl'y — ———— =T,
Aty Ak T'1,... Tk P1,... ,Pk Npj,...,NpK g| 1| ;(N; K 1) &M Hj — Hi—1 il
(5.16) —prt+ (px — pr—1)Tr(Tk) + E (ke — pr—1) e Py

k

subject to
S
k

)\kNDk Z HDkrkHLk for k :j,. . ,K
MeI > HyTWH) fork=1,...,5—1
Aj—1Npj > Hp;T;1H};

I'y >0VEk.
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‘We choose
I H2T;HTD3
5.17 Npo = 2
( ) D2 HpsTy H} N
T2 D3

where I'; and Ao satisfy the constraints of (5.16) for j = 3. This choice of Np, sets
(5.14) equal to (5.16) for j = 3. Since (5.14) is a minimization over all Npo, the
optimal value of (5.16) for j = 3 is at least (5.14). In general, by using

1
I HkrkHD()c+1)
— A
(518) Npg = " rogt k
D(k+1)L ki ND(k+1)
Ak

where T'y and A satisfy the constraints of (5.16) for j = k + 1, we find that the
optimum value of (5.16) for j = k is at most that of (5.16) for j = k + 1. Thus,
the optimum value of (5.13) is at most that of (5.16) for j = K. But the optimum
value of (5.16) for j = K equals that of (5.12). Hence, we have the result that

(5.13) is at most (5.12). O
Corollary: The worst case noise is given by:
(5.19) NDl(i,i) - I
HTuH!
Nbp1i,j5 . fori <y
i0
where Npj; ;) denotes the (i,7)"™™ matrix entry of Np1, and {T'1,..., 'ko} and

{A105--- ,Ako} are values of {I'y,... ,I'x} and {A1,..., Ak} corresponding to an
extremizing solution of (5.12).

6. Conclusions

A new outer bound, termed the DSM bound, is obtained for the broadcast
channel. It is shown that, for the vector broadcast channel constrained to Gaussian
inputs, the DSM outer bound equals the Marton achievable region.

APPENDIX A
A PRIMAL PROBLEM AND ITS DUAL

We wish to find the dual problem for

11’1.1.%[( log |A + ;HZSka
(A.1) + Tr (B(A+ZH;Ska)>
k
subject to
> Te(Sk) < P
S: >0V k.

Consider first the optimization problem

(A.2) mq'ln —log |T| — Tr(BT)
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subject to

T <A+ H[S:H,

Tr(Sk) < }Ii

Sk >0V k.
1(\Iote) that (A.2) is obtained by negating the objective of (A.1). A Lagrangian for
A2)is

L= —1log|T| — Tr(BT) + Tr (F(T —A- ZH,‘;Ska))
k

(A.3) +A (Z Tr(Sk) — P) =) Tr(kSk).
k k

The saddle point of this Lagrangian gives the optimum value of (A.2), and extrem-
izing with respect to T and Sy gives us the dual problem. Rewriting (A.3), we
have

L =—log|T| - Tr(BT)+ Tr(I'T) — Tr(T'A) — AP
(A4) -1 (Sk(\pk Y Her,i)) .
k
Taking the derivative with respect to Si and setting it to zero, we have ¥ — AT +
HI'H ,‘; = (0. Taking the derivative with respect to 7" and setting it to zero, we have
T~ '~-B+T=0.
Substituting the resulting ¥ and T into (A.4) we find that
(A.5) L =log|I' — B|+m — Tr(T'A) — AP.

The slackness variable ¥y, is semidefinite, so the dual problem for (A.2) is

(A.6) max log |I' — B| + m — Tr(T'A) — AP
subject to

A > H,TH]

AT > 0.

Hence, the dual problem for (A.1) is

min —log |I' — B| — t + Tr(T'A) + AP

subject to

A > H,TH]
AT > 0.
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