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tWe analyze a mobile MIMO wireless link with M transmit and N re
eive antennas operating in aspatially 
orrelated Rayleigh 
at fading environment. Only the 
orrelations between the 
hannel 
oeÆ
ientsare assumed to be known at the transmitter and the re
eiver. The 
hannel 
oeÆ
ients are 
orrelated in spa
eand un
orrelated in time from one 
oheren
e interval to another. These 
oeÆ
ients remain 
onstant for a
oheren
e interval of T symbol periods after whi
h they 
hange to another independent realization a

ordingto the spatial 
orrelation model. For this system we 
hara
terize the stru
ture of the input signal that a
hieves
apa
ity. The 
apa
ity a
hieving transmit signal is expressed as the produ
t of an isotropi
ally distributedunitary matrix, an independent non-negative diagonal matrix and a unitary matrix whose 
olumns are theeigenve
tors of the transmit fade 
ovarian
e matrix. For the 
ase where the number of transmit antennasM islarger than the 
hannel 
oheren
e interval T , we show that the 
hannel 
apa
ity is independent of the smallestM � T eigenvalues of the transmit fade 
ovarian
e matrix. In 
ontrast to the previously reported results forthe spatially white fading model where adding more transmit antennas beyond the 
oheren
e interval length(M > T ) does not in
rease 
apa
ity, we �nd that additional transmit antennas always in
rease 
apa
ityas long as their 
hannel fading 
oeÆ
ients are spatially 
orrelated with the other antennas. We show thatfor fast hopping or fast fading systems (T = 1) with only 
hannel 
ovarian
e information available to thetransmitter and re
eiver, transmit fade 
orrelations are bene�
ial. Mathemati
ally, we prove this by showingthat 
apa
ity is a S
hur-
onvex fun
tion of the ve
tor of eigenvalues of the transmit fade 
orrelation matrix.We also show that the maximum possible 
apa
ity gain due to transmitter fade 
orrelations is 10 logM dB.KeywordsMultielement antenna arrays, wireless 
ommuni
ations, antenna 
orrelation, 
hannel 
apa
ity, 
hannelstate information (CSI).



SYED ALI JAFAR : MULTIPLE-ANTENNA CAPACITY 2I. Introdu
tionThe Shannon 
apa
ity of Multiple Input Multiple Output (MIMO) systems has attra
tedmu
h resear
h a
tivity re
ently. Based on seminal works by Fos
hini and Gans [1℄ andTelatar [2℄, whi
h show that the link 
apa
ity 
an grow linearly with the number of antennas,multiple element transmitter and re
eiver antenna arrays are widely per
eived as the keyte
hnology for the next generation of wireless 
ommuni
ations. However, there is a 
aveatin that these results assume perfe
t 
hannel state information at the re
eiver (CSIR), andsometimes even at the transmitter (CSIT). The 
hannel 
oeÆ
ients 
an 
u
tuate due touser mobility, frequen
y hopping et
. In pra
ti
e, these 
u
tuations 
an be too rapid toallow reliable 
hannel estimation. Multiple transmit and re
eive antennas make 
hannelestimation espe
ially diÆ
ult due to the large number of 
hannel 
oeÆ
ients that need to beestimated. Sin
e outdoor wireless systems strive to a

ommodate higher user mobility andindoor wireless 
ommuni
ation systems su
h as HomeRF and BlueTooth rely on frequen
yhopping, these issues ne
essitate further resear
h into MIMO link 
apa
a
ity in the absen
eof CSIT and CSIR. As a �rst step in this dire
tion, it was shown by Marzetta and Ho
hwaldin [4℄ that in
reasing the number of transmit antennas does not in
rease 
hannel 
apa
ity ina fast fading s
enario. Spe
i�
ally, they showed that with un
orrelated 
at Rayleigh fading,in
reasing the number of transmit antennas (M) beyond the 
hannel 
oheren
e interval length(T ) does not in
rease 
apa
ity. Marzetta and Ho
hwald's work [4℄ unders
ores a fundamentalproperty of multiple antenna systems. The 
apa
ity bene�ts of using multiple antennasdepend dramati
ally on how well the 
hannel variations 
an be tra
ked at the transmitterand the re
eiver. For users moving at high speeds or fast frequen
y hopping systems the
oheren
e interval is quite small and the 
hannel 
u
tuates rapidly. Based on the resultsof [4℄, it seems that there is no 
apa
ity advantage from using multiple antennas in su
hs
enarios.Before resigning ourselves to the less than optimisti
 results of [4℄ we note that theseresults assume spatially white fading. Un
orrelated fading is a valid assumption for systemswith widely spa
ed antennas. In this paper we ask the following question: with no CSI isit bene�
ial to pla
e the transmit antennas 
loser together? Our motivation for introdu
ingspatial 
orrelations 
omes from the observation that even if the 
hannel variations are too
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k the spatial 
orrelations be
ause they vary mu
h more slowly. Sin
ethe 
apa
ity advantages of multiple antennas are known to depend strongly upon how wellthe 
hannel 
an be tra
ked, it is possible that by tra
king the 
hannel 
orrelations we willbe able to improve 
apa
ity. This general 
ase forms the fo
us of this paper. Spe
i�
ally, weextend the results of [4℄ to analyze MIMO 
apa
ity under 
orrelated fading in the absen
e of
hannel state information (CSI).The absen
e of CSIT or CSIR implies that the instantaneous 
hannel realization is unknownto the transmitter and the re
eiver. However, we assume that the 
hannel fade statisti
s areknown to both the transmitter and the re
eiver. The 
hannel statisti
s may 
hange overtime. However, we assume lo
al stationarity and are interested in the 
hannel 
apa
ity forea
h given, �xed 
hannel distribution. Sin
e the 
hannel distribution 
hanges mu
h moreslowly than the 
hannel itself, reliable estimation of the 
hannel fade distribution at there
eiver is a mu
h easier task than estimating the rapidly 
u
tuating instantaneous 
hannel.The estimated distribution 
an be made available to the transmitter through a feedba
k
hannel. Note that be
ause knowledge of the time-varying 
hannel statisti
s 
onstitutessome information about the 
hannel that is available to the transmitter and the re
eiver, thisassumption has also been termed partial CSI [5℄, imperfe
t CSI or 
ovarian
e feedba
k1 [6℄.However, limiting our time horizon to the duration where the 
hannel is des
ribed by a given,�xed distribution, the instantaneous 
hannel state be
omes independent of the �xed 
hannelstatisti
s. Thus, following the de�nitions in [7℄ we observe that 
ovarian
e information fallsunder the no CSIT or CSIR assumption.We use the following notation throughout the paper: ve
(X) is the 
olumn ve
tor obtainedby sta
king the 
olumns of X on top of ea
h other; Æmn for integer m;n is de�ned to be onewhen m = n and zero otherwise; Ai� and A�j are the ith row and the jth 
olumn of the matrixA respe
tively; AM�N is the M � N prin
ipal submatrix of A; aij is the (i; j)th element ofthe matrix A; tr(A) is the tra
e of the matrix A, and 
 denotes Krone
ker produ
t.1The term feedba
k 
omes from the underlying model that the 
hannel statisti
s are provided by the re
eiver to thetransmitter through a feedba
k link



SYED ALI JAFAR : MULTIPLE-ANTENNA CAPACITY 4II. System Model and Problem StatementWe fo
us on a point-to-point wireless 
ommuni
ation system using M transmit antennasand N re
eive antennas over a narrowband 
at Rayleigh fading 
hannel. Following thenotation and system model of [4℄ we have the following mathemati
al representation:xtn =r �M MXm=1 hmnstm + wtn; t 2 f1; 2; � � � ; Tg; n 2 f1; 2; � � � ; Ng: (1)where xtn is the signal re
eived at nth re
eive antenna at time t, hmn is the fade 
oeÆ
ientbetween transmit antenna m and re
eive antenna n, stm is the signal transmitted from themth transmit antenna at time t and wtn is the additive noise at the nth re
eive antenna at timet. The noise 
omponents are assumed to be i.i.d. (independent identi
ally distributed) zeromean unit varian
e 
ir
ularly symmetri
 
omplex Gaussian. The 
hannel 
oeÆ
ients remain�xed for the 
oheren
e time T after whi
h they 
hange to a new set of values generateda

ording to the spatial 
orrelation model des
ribed in Se
tion II-A. The 
hannel 
oeÆ
ientsare assumed to be independent from one 
oheren
e interval to another. The underlyingassumptions behind this blo
k-fading model and its appli
ability to fast fading or frequen
yhopping systems are dis
ussed by Abou-Fay
al, Shamai, and Trott for the single antenna
ase in [3℄.In matrix notation, the system model admits the following representation:X =r �M SH +W; (2)where X is the T �N re
eived signal matrix, S is the T �M transmitted signal matrix, H isthe M �N 
hannel matrix, and W is the T �N additive noise ve
tor. The transmit power
onstraint at ea
h instant 
an be expressed as follows:1TM E �tr �SSy�� = 1: (3)Next we pro
eed to des
ribe the spatial 
orrelation model.A. Spatial Correlation ModelIn general the spatially 
orrelated 
hannel 
an be modeled byve
(H) = R1=2ve
(Hw) (4)



SYED ALI JAFAR : MULTIPLE-ANTENNA CAPACITY 5where Hw is the spatially white M � N MIMO 
hannel with i.i.d. zero mean unit varian
e
ir
ularly symmetri
 
omplex Gaussian 
omponents, and R is the MN � MN 
ovarian
ematrix R = E �ve
(H)ve
(H)y� : (5)Though the model des
ribed above is 
apable of representing any 
orrelation e�e
ts betweenthe elements of H, we use a simpler modelH = (Rt)1=2Hw(Rr)1=2: (6)Although less general than (4), this model is a 
ommonly used [8℄ [9℄ spatial 
orrelationmodel. While the model has been found to be satisfa
tory based on �eld measurements[10℄, we would also like to point out that re
ent work by Oz
elik et. al. [11℄ has shown thatthe model may not render the multipath stru
ture 
orre
tly, leading to pessimisti
 
apa
ityestimates in some 
ases. Rt and Rr are 
alled the transmit and re
eive fade 
ovarian
ematri
es respe
tively. It is easily seen that R, Rt and Rr are related by:R = Rr 
 Rt: (7)
III. Conditional Probability DensityThe starting point of the analysis is the 
onditional probability density p(XjS). Condi-tioned on the transmitted signal, the re
eived signal has zero mean 
omplex jointly Gaussian
omponents be
ause the 
hannel and the white noise are zero mean 
omplex jointly Gaussian.The probability density p(XjS) is 
ompletely des
ribed by the se
ond moments, obtained asfollows: E[xt1n1x?t2n2jS℄ = �M MXm1=1 MXm2=1E[hm1n1h?m2n2℄st1m1s?t2m2 + E[wt1n1w?t2n2℄ (8)= �MRrn1n2St1�RtSyt2� + Æt1t2Æn1n2whi
h gives us the 
onditional probability density as:p(XjS) = expn�tr h�INT + �MRr 
 SRtSy��1 ve
(X)ve
(X)yio�TNdet �INT + �MRr 
 SRtSy� (9)



SYED ALI JAFAR : MULTIPLE-ANTENNA CAPACITY 6Comparing this to the density expression in [4℄ for independent fades,p(XjS) = expn�tr h�IT + �MSSy��1XXyio�TNdetN �IT + �MSSy� (10)we noti
e that (9) is slightly more involved be
ause of need for the Krone
ker produ
t formand the ve
(�) operation.A. Spe
ial Properties of the Conditional PDFIn this se
tion we extend the previously determined [4℄ spe
ial properties of p(XjS) un-der independent Rayleigh fading to the general 
ase of 
orrelated Rayleigh fading. Theseproperties follow from (9) by inspe
tion and will be used later to derive the stru
ture of the
apa
ity a
hieving input signals.Property 1: The 
onditional probability density p(XjS) depends on the transmitted sig-nals S only through the T � T matrix SRtSy.Property 2: For any T � T unitary matrix �, p(�Xj�S) = p(XjS).Property 3: For un
orrelated re
eive antennas, i.e., Rr = IN , the pdf of (9) simpli�es top(XjS) = expn�tr h�IT + �MSRtSy��1XXyio�TNdetN �IT + �MSRtSy� (11)In this 
ase the T � T matrix XXy is a suÆ
ient statisti
.Property 4: For un
orrelated transmit antennas, i.e., Rt = IM , the pdf of (9) simpli�esonly slightly asp(XjS) = expn�tr h�INT + �MRr 
 SSy��1 ve
(X)ve
(X)yio�TNdet �INT + �MRr 
 SSy� (12)Also, in this 
ase for any M �M unitary matrix 	, p(XjS	y) = p(XjS).The spe
ial 
ases of un
orrelated transmit antennas (Rt = IM) or un
orrelated re
eive anten-nas (Rr = IN) are of interest be
ause depending on the antenna separation and the densityof s
atterers around the antenna array the fades 
orresponding to either the transmitter orthe re
eiver may be 
orrelated or un
orrelated. It is a 
ommon s
enario that the mobileunit is surrounded by a ri
h s
attering environment while the base station is relatively un-obstru
ted. This makes the de
orrelating antenna separation mu
h smaller at the mobile



SYED ALI JAFAR : MULTIPLE-ANTENNA CAPACITY 7unit (
entimeters) than at the base station (meters). But at the same time, the mobile unitis more size-
onstrained than the base station. For a parti
ular system, whether the fades
orresponding to the transmitter or the re
eiver are independent or 
orrelated depends onthe relative values of these parameters.In the next se
tion, we use these spe
ial properties of the 
onditional pdf p(XjS) to derivesome properties of the 
apa
ity-a
hieving input signal for the MIMO 
hannel with 
orrelatedRayleigh fading.IV. Properties of Capa
ity-A
hieving Transmitted SignalsSubje
t to the average power 
onstraint (3) the link 
apa
ity is given by the followingexpression [4℄: C = supp(S) I(X;S)= supp(S) Z dSp(S) Z dXp(XjS) log( p(XjS)R d �Sp( �S)p(Xj �S)) (13)The following se
tions 
hara
terize the 
apa
ity for our spe
i�
 p(XjS) in (9).A. Capa
ity dependen
e on Rt and RrWe begin this se
tion with the following lemma.Lemma 1: The link 
apa
ity (13) is independent of the eigenve
tors of Rt and Rr.Proof: Represent Rt by its singular value de
omposition U t�tU ty where U t is theM�Munitary matrix of the eigenve
tors of Rt and �t is the diagonal matrix of the 
orrespondingeigenvalues. Without loss of generality we assume that �t11 � �t22 � � � � � �tMM . Similarly,represent Rr by its singular value de
omposition U r�rU ry su
h that �r11 � �r22 � � � � � �rNN .Now (2) and (6) 
an be 
ombined to give:X = �M S(Rt)1=2Hw(Rr)1=2 +W (14)= �M SU t(�t)1=2U tyHwU r(�r)1=2U ry +W; (15)whi
h, after a suitable 
hange of variables, be
omes:X̂ = �M Ŝ(�t)1=2Ĥw(�r)1=2 + Ŵ : (16)



SYED ALI JAFAR : MULTIPLE-ANTENNA CAPACITY 8Here, X̂ = XU r; (17)Ŝ = SU t; (18)Ĥw = U tyHwU r; (19)Ŵ = WU r: (20)It is easy to see that Ĥw and Ŵ have the same statisti
s as Hw and W , respe
tively, and Ŝsatis�es the power 
onstraint (3) if and only if S satis�es it. Thus the 
apa
ity optimizationproblem with transmitter fade 
ovarian
e matrix Rt and re
eiver fade 
ovarian
e matrix Rris equivalent to the 
apa
ity optimization problem with transmit fade 
ovarian
e matrix �tand re
eiver fade 
ovarian
e matrix �r.While the eigenve
tors of the transmitter and re
eiver fade 
ovarian
e matri
es do not a�e
t
apa
ity, they 
ould still 
onstitute relevant information required to a
hieve the 
apa
ity. Inother words, the proof provided above does not imply that the transmitter does not need toknow U t or that the re
eiver does not need to know U r. We explain this observation further asfollows: Consider the system des
ribed by (14) and the system des
ribed by (16). The input,output, noise, transmit fade 
ovarian
e matrix, and re
eive fade 
ovarian
e matrix for system(14) are S;X;W;Rt and Rr respe
tively. For system (16), the 
orresponding quantities areŜ; X̂; Ŵ ;�t, and �r respe
tively. These systems are equivalent be
ause starting from system(14) the transmitter 
an rotate the input by U t and the re
eiver 
an rotate the output byU r and the resulting system is (16). If the transmitter does not know U t or the re
eiverdoes not know U r then these transformations 
an not be made and therefore we 
an not
laim that these two systems have the same 
apa
ity. Sin
e knowledge of U t and U r 
an onlyin
rease 
apa
ity, without the knowledge of U t and U r the 
apa
ity of (16) will only be anupperbound on the 
apa
ity of (14). Thus, the knowledge of U t is required at the transmitterin order to rotate S to yield Ŝ. Similarly, the re
eiver needs to know U r to obtain X̂ fromX. Interestingly enough, the transmitter does not need to know U r and the re
eiver does notneed to know U t. The re
eiver may need to estimate U t just to provide it to the transmitterthrough a feedba
k link, but other than that, we noti
e that the transmitter and re
eiverneed to know only their 
orresponding fade 
ovarian
e eigenve
tors.



SYED ALI JAFAR : MULTIPLE-ANTENNA CAPACITY 9Lemma 2: The link 
apa
ity (13) obtained with M > T antennas depends only on the Tlargest eigenvalues of Rt.Proof: Suppose that a parti
ular joint distribution of the elements of Ŝ�tŜy a
hieves
apa
ity. Let the singular value de
omposition of Ŝ(�t)1=2 be given byŜ(�t)1=2 = FDG (21)where F is a T � T unitary matrix, D is a T �M oblong matrix 
ontaining the singularvalues along the main diagonal and zeros elsewhere, and G is an M �M unitary matrix.Without loss of generality we assume that d11 � d22 � � � � � dTT . Let DT be the T � Tleading prin
ipal submatrix of D. Also, let DM be the M �M matrix obtained by paddingD with trailing rows of zeros.Note that Ŝ�tŜy = FD2TF y. Next, de�ne a new T �M matrix~S , FD(�t)�1=2 (22)Clearly, ~S�t ~Sy = Ŝ�tŜy: (23)But the LHS of (23) depends only on the largest T eigenvalues of Rt. Thus if we use ~Sinstead of Ŝ with the 
orresponding transformation of the input distribution we still get thesame mutual information whi
h is independent of the M � T smallest eigenvalues of Rt. To
omplete the proof we need to show that if Ŝ satis�es the power 
onstraint then so does ~S.Mathemati
ally, we need to show thattr( ~S ~Sy) � tr(ŜŜy): (24)But this 
an be proved pro
eeding along the lines of a similar proof presented in [12℄, albeitin a di�erent 
ontext. The 
omplete proof is provided in the Appendix.We 
on
lude this se
tion by summarizing our results in the following Theorem.Theorem 1: For any 
oheren
e interval T and any number of re
eiver antennas, the 
a-pa
ity obtained with M > T transmitter antennas in spatially 
orrelated fading depends onthe M �M transmit fade 
orrelation matrix Rt through only the T largest eigenvalues of Rtand is not a fun
tion of the eigenve
tors of Rt or Rr.
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orrelated (Rt = IM), all eigenmodes of Rt areequally strong and using the T largest eigenmodes amounts to using any T of the transmitantennas, as found in [4℄. This is true even with 
orrelated re
eiver antennas (Rr 6= IN).B. Capa
ity dependen
e on the number of transmit antennasOne of the key results proved by Marzetta and Ho
hwald in [4℄ for spatially white fadingis that regardless of the number of re
eiver antennas, in
reasing the number of transmitantennas beyond the 
oheren
e interval duration T does not in
rease 
apa
ity. This is insharp 
ontrast to the perfe
t CSIR 
ase where 
apa
ity is known to in
rease linearly withmin(M;N) even in the absen
e of CSIT [1℄ [2℄. With perfe
t CSIR, the linear in
rease in
hannel 
apa
ity was shown in [9℄ to be true even with spatially 
orrelated fading althoughthe rate of growth is redu
ed relative to the spatially white fading 
ase. The availability ofCSIR seems to be 
ru
ial as it makes all the di�eren
e between a linear growth in 
apa
itywith transmit antennas (for N > M) and no growth at all. To explore this surprising resultfurther, in this se
tion we investigate the 
hannel 
apa
ity dependen
e on the number oftransmit antennas in spatially 
orrelated fading.The following theorem states our main result in this se
tion:Theorem 2: The 
apa
ity of a MIMO 
hannel without CSI in
reases almost surely (withprobability 1) with the number of antennas when the transmit antenna fades are spatially
orrelated.Thus, Theorem 2 establishes that if we are able to introdu
e and tra
k spatial 
orrelations,then additional transmit antennas almostly surely in
rease 
apa
ity. An outline of the proofis as follows. First, we show that adding a 
orrelated transmit antenna almost surely in
reasesthe prin
ipal eigenvalue of the transmit fade 
ovarian
e matrix. Then we show that a largerprin
ipal eigenvalue implies a higher 
apa
ity. Putting these results together we obtainTheorem 2. The full proof is presented next.Starting from a system withM transmit antennas, suppose we add another antenna at thetransmitter, in
reasing the number of transmit antennas to M + 1. The new transmit fade
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orrelation matrix R̂t 
an be represented as the following bordered matrixR̂t = 24 Rt yyy r 35 ;where y is an M � 1 ve
tor representing the 
orrelations between the added antenna and theprevious M transmit antennas, and a is a positive real number representing the fading powerfrom the added antenna. Also, let the singular value de
omposition of the (M +1)� (M +1)transmit 
orrelation matrix R̂t be given byR̂t = Û t�̂t(M+1)�(M+1)Û ty = Û t 24 �̂tM�M 0M�101�M �̂tM+1;M+1 35 Û ty (25)where f�̂tiig are arranged in des
ending order. Then, as a 
onsequen
e of Theorem 4.3.8 in[13℄ we have the following relationship between �t and �̂tM�M .�t � �̂tM�M : (26)Note that none of the inequalities are stri
t in general. However, the following lemma provesthat the prin
ipal eigenvalue 
an remain un
hanged only under very spe
ial 
onditions: i.e.,when the 
orrelation ve
tor y is orthogonal to the prin
ipal eigenve
tor of the transmit fade
orrelation matrix Rt. Lemma 3 is used to establish our main result stated in Theorem 2.Lemma 3: For R̂t de�ned as in (25), if the prin
ipal eigenvalues of Rt and R̂t are equal,then the prin
ipal eigenve
tor of Rt is orthogonal to y: i.e., U t�1 ? y.Proof: Let x denote an M � 1 ve
tor and let x̂ denote an (M + 1)� 1 ve
tor. Also, wede�ne an (M + 1)� 1 ve
tor: 1M+1 , [0; 0; � � � ; 0; 1℄. Now we 
an write,�̂t11 = maxx̂ 6=0; x̂yR̂tx̂x̂yx̂� maxx̂6=0;x̂?1M+1 x̂yR̂tx̂x̂yx̂ (27)= maxx6=0; xyRtxxyx = �t11 (28)For equality in (27), the prin
ipal eigenve
tor of R̂t must be orthogonal to 1M+1. That is,it must 
ontain a zero in the (M + 1)th 
omponent. From (28) the relationship between
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ipal eigenve
tors 
an be written as Û t�1 = [(U t�1)y 0℄y. Using the de�nition of aneigenve
tor, i.e., R̂tÛ t�1 = �̂t11Û t�1, if the last 
omponent of Û t�1 is zero, then Û t�1 must beorthogonal to the last row of R̂t. This in turn implies that U t�1 ? y and the proof is 
omplete.In light of Lemma 3, given that the ve
tor y is determined by many random parametersasso
iated with the physi
al propagation environment, this means that unless the additionalantenna is un
orrelated with all the previous transmitter antennas (y = 0), the prin
ipaleigenvalue of the new transmit fade 
orrelation matrix (with the addition of the new antenna)will almost surely be larger than the prin
ipal eigenvalue of the old transmit fade 
orrelationmatrix. The following lemma makes a 
onne
tion between the eigenvalues and the 
apa
ity.Lemma 4: For R̂t de�ned as in (25), if the prin
ipal eigenvalue of R̂t is stri
tly greaterthan the prin
ipal eigenvalue of Rt then the 
apa
ity with M +1 antennas is stri
tly greaterthan the 
apa
ity with M antennas.Proof: As seen from Lemma 1 the 
hannel 
apa
ity depends only on the eigenvalues ofRt and the dependen
e is only through the form Ŝ�tŜy, whi
h 
an alternately be expressedas follows: Ŝ�tŜy = Ŝ(�t)1=2(�̂tM�M)�1=2�̂tM�M(�̂tM�M)�1=2(�t)1=2Ŝy: (29)So, with the additional transmit antenna, if we transmitST�(M+1) = h Ŝ(�t)1=2(�̂tM�M)�1=2 0T�1 iT�(M+1) Û ty; (30)then we have SR̂tSy = Ŝ�tŜy: (31)Thus, we 
an a
hieve the same mutual information as before. Now, without the additionalantenna we a
hieved 
apa
ity using transmit power E htr(ŜŜy)i. However, with the addi-tional transmit antenna we a
hieve the same mutual information with total transmit powerE �tr(SSy)� = E htr(Ŝ�t(�̂tM�M)�1Ŝy)i. If the prin
ipal eigenvalues of Rt and R̂t are notstri
tly equal, then we a
hieve the same mutual information with smaller transmit powerbe
ause E htr�Ŝ�t(�̂tM�M)�1Ŝy�i < E htr(ŜŜy)i : (32)
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t inequality (32) follows from the inequality (26) and the fa
t that �̂t11 is stri
tlylarger than �t11. Note that we stated this lemma in terms of the prin
ipal eigenvalue for thefollowing reason: although it is not 
lear if the transmit signal uses all the eigenmodes, itmust de�nitely use the prin
ipal eigenmode. Otherwise, as seen in the proof above, power
an be saved by transmitting along the stronger eigenmode.Thus with a larger prin
ipal eigenvalue we 
an a
hieve the same 
apa
ity as before with lesstransmit power than before. Sin
e 
apa
ity is an in
reasing fun
tion of power, this impliesthat for the same transmit power, the larger prin
ipal eigenvalue 
orresponds to a larger
apa
ity.Lemmas 3 and 4 together give us the main result of this subse
tion, stated in Theorem 2.Although Theorem 2 tells us that 
apa
ity in
reases almost surely with transmit antennas,it does not spe
ify the size of the 
apa
ity in
reases. The a
tual size of the 
apa
ity in
reaseswill depend on the pre
ise spatial 
orrelation stru
ture. For the extreme 
ase of fast fadingT = 1, Se
tion V-B 
hara
terizes the a
tual size of the 
apa
ity in
rease. It is shown that themaximum a
hievable improvement as we go from M transmit antennas to M + 1 transmitantennas is a fa
tor of 10 log �M+1M � db. Thus, the potential gains from using multiple spatially
orrelated antennas go to zero as the number of antennas in
reases.C. Stru
ture of the 
apa
ity-a
hieving signalThe stru
ture of the 
apa
ity a
hieving input signal S is des
ribed by the following theorem.Theorem 3: (Stru
ture of signal that a
hieves 
apa
ity) The signal matrix that a
hieves
apa
ity 
an be written as S = �V U ty where � is a T � T isotropi
ally distributed unitarymatrix, V is an independent T �M real, nonnegative, diagonal random matrix, and U t is adeterministi
 unitary matrix with the eigenve
tors of Rt as its 
olumns.Proof: From equation (22) we know that the optimal S 
an be represented asS = ~SU ty= FD(�t)�1=2U ty: (33)We 
an 
ombine D(�t)�1=2 into a diagonal matrix V . The unitary matrix F 
an be gen-eralized to an isotropi
ally distributed unitary matrix as in [4℄, by premultipli
ation withan isotropi
ally distributed unitary matrix � to yield the new input signal S1 = �S whi
h
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hange 
apa
ity (by inspe
tion from (9)).Comparing with the results for un
orrelated fading, we noti
e that the stru
ture of the
apa
ity-a
hieving signal under 
orrelated Rayleigh fading is similar, ex
ept for a rotationalong the eigenve
tors of the transmitter fade 
orrelation matrix. While the re
eive 
orrela-tions do not appear dire
tly in the statement of Theorem 3, the distribution of the diagonalmatrix V 
an depend on the eigenvalues of both Rt and Rr.The stru
ture of the 
apa
ity-a
hieving signal is relevant for several reasons. Capa
ity
omputation is a maximization of mutual information over the spa
e of all valid input dis-tributions. By identifying the stru
ture of the 
apa
ity-a
hieving input distribution we limitthe size of the optimization spa
e. The only unknown in this 
ase is the distribution of thediagonal matrix V . Sin
e V is also independent of � the size of the sear
h spa
e is 
on-siderably redu
ed. The stru
ture of 
apa
ity a
hieving 
odes also provides insights into thekind of pra
ti
al 
odes that perform well on the 
hannel. In this 
ase, the diagonal matrix V
an be interpreted as a random power allo
ation a
ross the eigenve
tors of the transmit fade
ovarian
e matrix.V. Spatially 
orrelated fading: good or bad?In the perfe
t CSI 
ase, it is well known that in order to a
hieve a higher 
apa
ity wewant the 
hannel gains asso
iated with ea
h transmit antenna to fade independently [9℄.However, our results in the previous se
tions indi
ate that 
orrelated fades at the transmittermay be desirable when CSI is not available. We saw that unlike the spatially white fading
ase where the 
apa
ity does not in
rease with the number of transmit antennas beyondthe 
oheren
e interval duration T (as proved in [4℄), for spatially 
orrelated fading at thetransmitter antennas the 
apa
ity in
reases with the number of transmit antennas. Thus, itseems that transmit fade 
orrelations help 
apa
ity. To make this statement pre
ise we needa mathemati
al notion that allows us to say when a 
orrelation matrix is more 
orrelated orless 
orrelated than another 
orrelation matrix. Su
h a notion is provided by the 
on
ept ofmajorization from order statisti
s.
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hur-ConvexityRe
all that a real ve
tor � = [�i℄ 2 Rn majorizes another real ve
tor � = [�i℄ 2 Rn if andonly if the sum of the k smallest entries of � is greater than or equal to the sum of the ksmallest entries of � for k = 1; 2; � � � ; n� 1 and the sums of the entries of � and � are equal.This is a mathemati
al way to 
apture the vague notion that the 
omponents of a ve
tor �are \less spread out" or \more nearly equal" than are the 
omponents of a ve
tor �. Now ifthe ve
tor � 
onsists of the eigenvalues of a 
ovarian
e matrix Rt� and the ve
tor � 
onsistsof the eigenvalues of a 
ovarian
e matrix Rt� then majorization dire
tly leads to a measureof 
orrelation. If � majorizes � then the 
hannel 
orresponding to the transmit 
ovarian
ematrix Rt� is less 
orrelated than the 
hannel 
orresponding to the transmit 
ovarian
e matrixRt�. Majorization as a measure of 
orrelations is also used in [9℄.A fun
tion f(x) of ve
tor x is said to be S
hur-
onvex if f(�) � f(�) whenever ve
tor �majorizes ve
tor �. For our purpose this 
an be interpreted as follows. If the 
apa
ity isa S
hur-
onvex fun
tion of the eigenvalues of the 
hannel transmit fade 
ovarian
e matrix,then more spread out eigenvalues lead to higher 
apa
ity.Next, we use these 
on
epts of majorization and S
hur-
onvexity, to mathemati
ally stateour previous observation that \transmit fade 
orrelations help 
apa
ity".B. Capa
ity is S
hur-ConvexThe following Corollary of Theorem 1 shows that transmit fade 
orrelations help 
apa
ity.Corollary 1: For fast Rayleigh fading (or fast frequen
y hopping), i.e. for T = 1, theMIMO 
hannel 
apa
ity under 
orrelated fading is S
hur-
onvex in the eigenvalues of Rt.Proof: Let �A and �B be the ve
tors 
ontaining eigenvalues of two di�erent transmitfade 
orrelation matri
es RtA and RtB, respe
tively. If �A majorizes �B then the prin
ipaleigenvalue of RtA is at least as large as the prin
ipal eigenvalue of RtB. From the result ofTheorem 1 we know that for T = 1, 
apa
ity depends only on the prin
ipal eigenvalue ofthe transmit fade 
orrelation matrix. Thus, the larger prin
ipal eigenvalue leads to a larger
apa
ity.To estimate the bene�ts of transmitter fade 
orrelations, we next present a simple example
omparing the extreme 
ases of independent and perfe
tly 
orrelated fading. This allows
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ompute pre
isely the maximum possible 
apa
ity gains due to 
orrelated transmitterfades.Consider the 
ase of fast Rayleigh fading (or fast frequen
y hopping), T = 1. Let us denotethe 
apa
ity a
hieved withM transmit antennas and a total transmit power P as CiM(P ). Thesupers
ript i = 0 or 1 depending on whether the transmitter fades are perfe
tly un
orrelated(Rt = IM) or perfe
tly 
orrelated (Rt = ones(M;M)), respe
tively. First, let us assume thatthe 
hannel 
omponents fade independently. As shown in [4℄, the 
apa
ity a
hieved with Mtransmit antennas is the same as the 
apa
ity a
hieved with only one transmit antenna. Wedenote this as: C0M(P ) = C1(P ): (34)Noti
e that C1(P ) does not 
arry a supers
ript, be
ause there is only one transmit antennaand therefore there are no 
orrelations to be 
onsidered.Now, let us 
onsider the 
ase where all the transmitter antenna fades are perfe
tly 
or-related, i.e., Rt 
onsists of all ones. So the 
hannel has only one non-zero eigenmode(�t11 = M;�t22 = � � � = �tMM = 0). By aligning the transmission along this mode, the
hannel be
omes like a single antenna 
hannel s
aled by the fa
tor M . Thus, we have:C1M(P ) = C1(M � P ): (35)Thus, with perfe
t 
orrelation of the transmit fades there is a 10 logM dB improvement inthe 
apa
ity over the 
ase of independent fading.Thus with fast fading or fast frequen
y hopping (T = 1), it is bene�
ial to pla
e trans-mit antennas 
lose together to obtain 
orrelated fades instead of the traditional approa
hthat seeks to pla
e transmit antennas separated by the de
orrelating distan
e so that thefades 
orresponding to di�erent transmit antennas are un
orrelated. In short, for fast fading
hannels transmitter fade 
orrelation helps 
apa
ity, and the 
apa
ity gains from 
orrelatedtransmitter fades are bounded above by 10 logM dB.Similar results have been found to apply to the 
ase of Multiple Input Single Output(MISO) 
hannels with perfe
t CSIR and no CSIT [14℄ [15℄. Bo
he and Jorswie
k show in[14℄ and [15℄ that if the transmitter 
an adapt to the 
hannel spatial 
orrelations then fade
orrelations improve 
apa
ity. Although their 
hannel model is signi�
antly di�erent from
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eive antennas while [14℄ [15℄assume perfe
t CSIR and a single re
eive antenna - it is interesting that the �ndings aresimilar. In both 
ases, if we allow the transmitter to tra
k the spatial 
orrelations then
apa
ity is improved. VI. Con
lusionWe analyzed a point to point mobile MIMO wireless link with M transmit and N re
eiveantennas operating in a spatially 
orrelated Rayleigh 
at fading environment. While for ourdis
ussions in this paper we fo
used on mobile 
ommuni
ations when users are travelling athigh speeds, our results are equally appli
able to frequen
y hopping systems. In either 
asethe 
hannel may not stay 
onstant for long enough to allow enough time for reliable 
hannelestimation. To address this 
ase no 
hannel state information was assumed at either thetransmitter or the re
eiver. The 
hannel 
oeÆ
ients were allowed to be 
orrelated in spa
ebut 
onstrained to be un
orrelated in time from one 
oheren
e interval to another. The
oeÆ
ients were assumed to remain 
onstant for a 
oheren
e interval of T symbol periods afterwhi
h they 
hange to another independent realization a

ording to the spatial 
orrelationmodel. For this system, we showed that the 
hannel 
apa
ity is independent of the smallestM � T eigenvalues of the transmit fade 
ovarian
e matrix, as well as the eigenve
tors ofthe transmit and re
eive fade 
ovarian
e matri
es. We observed that the eigenve
tors of thetransmit fade 
ovarian
e matrix need to be known only to the transmitter while those of there
eive fade 
ovarian
e matrix need to be known only to the re
eiver. We 
hara
terized thestru
ture of the input signal that a
hieves 
apa
ity. The 
apa
ity a
hieving transmit signalis expressed as the produ
t of an isotropi
ally distributed unitary matrix, an independentnon-negative diagonal matrix and a unitary matrix whose 
olumns are the eigenve
tors ofthe transmit fade 
ovarian
e matrix. Also, in 
ontrast to the previously reported results forthe spatially white fading model where adding more transmit antennas beyond the 
oheren
einterval length (M > T ) does not in
rease 
apa
ity, we found that additional transmitantennas always in
rease 
apa
ity as long as the 
hannel fading 
oeÆ
ients are spatially
orrelated. This leads to the interesting 
on
lusion that for fast fading or fast frequen
yhopping 
hannels (T = 1) where 
hannel state information is hard to obtain, it is bene�
ialto pla
e the transmitter antennas 
lose to ea
h other in order to generate highly 
orrelated
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ally, we proved this by showing that 
apa
ity is a S
hur-
onvex fun
tionof the ve
tor of eigenvalues of the transmit fade 
orrelation matrix. We also proved that the
apa
ity gains due to transmitter fade 
orrelations are bounded above by 10 logM dB. Thisis in sharp 
ontrast to the well known 
apa
ity bene�ts of un
orrelated fades when perfe
tCSIR and perfe
t CSIT is assumed. VII. AppendixA. Proof of the inequality: tr( ~S ~Sy) � tr(ŜŜy)We pro
eed as follows:tr( ~S ~Sy) = tr(FD(�t)�1DF y) = tr(DM(�t)�1DM) (36)tr(ŜŜy) = tr(FDG(�t)�1GyDF y) = tr(DG(�t)�1GyD) = tr(DMG(�t)�1GyDM) (37)De�ne Q , G(�t)�1Gy. So we need to prove that:TXi=1 d2ii�tii � TXi=1 qiid2ii (38)From this point onwards, the proof follows along the lines of a similar proof in [12℄. However,for the sake of 
ompleteness, we provide of the rest of the proof in this paper. We need thefollowing three lemmas:Lemma 5: For a Hermitian matrix Q the ve
tor of diagonal entries fqiig majorizes theve
tor of eigenvalues f�Qiig.Lemma 6: For any two given positive real ve
tors � = [�i℄; � = [�i℄ 2 Rn+ the permutation�� that minimizes the sum Pni=1 ��(i)�i is su
h that ���(i) and �i are in the opposite order:i.e., 8i; j 2 f1; 2; � � � ; ng, if ���(i) � ���(j); then �i � �j:Lemma 7: If � = [�i℄; � = [�i℄ and 
 = [
i℄ 2 Rn+ are three ve
tors with 
omponentsarranged in des
ending order, i.e., if �1 � �2 � � � � � �n, �1 � �2 � � � � � �n and
1 � 
2 � � � � � 
n, and if � majorizes � then the following is true:nXi=1 �i
i � nXi=1 �i
i (39)Lemma 5 is Theorem 4.3.26 in [13℄. Lemma 6 is Theorem 2 in [12℄. Lemma 7 is Theorem3 in [12℄.
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tor of diagonal entries of Q arranged in as
ending order, then basedon Lemma 6 we have: TXi=1 q̂iid2ii � TXi=1 qiid2ii: (40)Now from Lemma 5 we have that the ve
tor of diagonal entries of Q, fq̂iig majorizes theve
tor of eigenvalues f 1�tiig. Using Lemma 7 we obtain:TXi=1 d2ii�tii � TXi=1 q̂iid2ii (41)Combining (40) and (41) we obtain the desired inequality (38). Thus we note that the
apa
ity depends only on the T largest eigenvalues of the transmit 
ovarian
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